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ABSTRACT : In this paper we generate pair of integer sequences using 4-order recurrence equations

an+4:Bn+3+Bn+z+Bn+1+Bn:nZO
Bn+4=an+3+an+2+an+1+an:nZO-

This process of constructing two sequences {Oti}:io and {Bi};ﬂ:o is called 2-Fibonacci sequences [5].

INTRODUCTION

This process of construction of the Fibonacci numbers
is a sequential process [1, 2]. Atnassov, K. [3, 4] consider
two infinite sequences {a,} and {b.} which have given
initial values a;, a,, a; and b, b,, b;. Sequences {a } and
{bn} are generated for every natural number n > 3 by the

coupled equations,
3= Dyt by + By
Brig™ Bupt @y, 2,
In this paper we consider two infinite sequence

{oi};_, and {Bi};_, which have given initial values. a, c,
e, g and b, d, f, h (which are real numbers). Sequences

{ai};_, and {Bi},_, are generated for every natural numbers
n > 4 by the coupled equations

Osg= Bovgt Brsogt Bryyt By N 20
Bn+4= 0Ln+3+0Ln+2+0Ln+1+0Ln’ n=0.
If weseta=b,c=4d, e="f g=h, then the sequence

{ai};_, and {Bi};_, will coincide with each other and with

the sequence {F},_,, which is a generalized Fibonacci

sequence, where,
Foa c e g)=a, F(ac e g)=c.
F,(a,c,e 0)=¢e Fsarc,e0q)=aq.
F...aceqg)=F ,saceg)+F . (aceq)
+F, ,,(aceg) +F(ce, Q).
THE 2F-SEQUENCES

We are constructing two sequences {oci};”:o and
{Bi},_, by the following way :
ay=a,0,=C a,=€0,=0;B,=b, B, =0 B,=f B;=h,
Uyg= BrrsatPBrsatBrer ¥ B n 20

and Brssa= Opyst oo to,,;+oa,n=>0 (1)
where a, b, c, d, e, f, g, h are real numbers.
First we shall study the properties of the sequence

{oi};_, and {Bi},_, defined by equation (1). The first ten

terms of the sequences defined in equation (1) are shown
in table below :

a+tc+d+e+f+g+h
a+b+2c+d+2e+ 2f+2g+ 2h

2a + 2b + 3c + 3d + 4e + 3f + 49 + 4h
4a+4b +6¢c+6d+ 7e+ 7f+8g + 7h

7a + 8b + 1lc + 12d + 13e + 14f + 14g + 15h

© 00 N O 0o b W NP OIS

a, Bn
a b
c d
e f
g h
b+d+f+h a+c+e+g

b+c+d+e+f+g+h
a+b+c+2d+ 2+ 2f+2g+ 2h

2a + 2b + 3c + 3d + 3e + 4f + 49 + 4h

4a +4b + 6¢c + 6d + 7e + 7f + 7g + 8h

8a + 7b + 12¢ + 11d + 14e + 13f + 15g + 14h
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Theorem 1. For every integer n > 0
@) og, + By = Py + g

(b) ogyeg t By = PBopay t oy

© Ogpup* By =PBoyint oy

@) ogyig3t By = Psyazt oy

(€ o5y gt By = Psyuat oy

we prove the above results by induction hypothesis.

Proof. (a) If n = 0 the result is true because
A+ By= Byt o
Assume that the result is true for some integer n > 1.
Now by equation
Onsa= Brogt BroatBriyt By
Bn+4 = %t 3 + Ut + ] + %y
We can write

U505t Bo= Bsnsa Bonss ™ Bonwo ¥ Ponst t By
= Ogyygt gy ot Ogyy g + Oy + By g
* Bomaot Bsnvs * Bo [oy (1)]
- 0L5n+3+0L5n+2+(15n+1+BSn+3+BSn+2
* Bsy 1 T g + By
- 0L5n+3+0L5n+2+(15n+1+BSn+3+BSn+2
* Bsy 1 Psy + g
(by induction hypothesis)
= Ogyyg ¥ Ogyyp ¥ Ogpyg + 0544 T O
[by (1)]

= Ogyygt Ogypgt Ogyypt 05,y g T O

= Bsnss T O

I8, g5t By= Bsrus t O

Hence the result is true for all integer n > 0.
(b) If n = 0 the result is true because
o+ Pr=Pht oy
Assume that the result is true for some integer n > 1.
Now by (2.1), we can write

Oy 461 P1= Ponust Ponwat Ponuzt Psnuat By

Ogny gt Ognygt Ogyyp ¥ Oy
t Bonsat Ponsgt Ponsot By
[by (1)]
Ognyg ¥ Ogy iz ¥ Ogyyp ¥ Poyiyg
t Bonigt Bosniot Ospeq By

Ogy gt Ogy gt Ogyyp + Boyyyg

t Bonist Boniot Bonir Ty
(by induction hypothesis)

= Ogyygt Ogy gt Ogyypt Ogyy5+ Oy
[by (1)]

= Ogyy5t Ogyypg T Ogyygt Ogyypt Oy

[by (1)]

i.e., Ogy 6t By = Poyrst Oy

Hence the result is true for all integer n > 0.
(c) If n = 0 the result is true because :

o, + B, =B+ o
Now from (1), we can write,

Oy 47T By = Bsnss T Bsnss T Bsnva + Bsnss ™ Bo

SOgy45 T Ogyyg T Ogy g ¥ Ogyyp
* Bonss T Posnsat Bonsgt By [y (D]
= Ogy 5t Ogyy gt Ogyygt Boyys * Boyis
*Bsyagt Ogyio+ By
S Ogy 5t Ogyyg t Ogyigt Beyys t Poyis

t Bonss t Ponuot Oy
(by induction hypothesis)

SO0gy 45T Ogyyg ¥ Ogyyg® Ogypgt O
SO0gy 46T Ogpygt Ogypg ¥ 05yt O

[by (1)]

18, Ogy 47+ Py = By sy + Oy

Hence the result is true for all integer n > 0.
(d) If n = 0 the result is true because

ag + P3= Pgt oy
Now from (1), we can write,

Ogy 48t B3 = Bsns7 T Bsnvs T Bones T Bsnsa ™ B3

SO5y46t Ogyyg T Oy ¥ Ogyyg

t Bsniet Pones t Ponwat By [by (1)]
SOyt Ogyist Osyyg * Poyss

* Bonis T Bonsa T Ogyig Py
SOyt Ogyist Osyyg * Poyss

t Bonis T PBonsat Ponigt 0
(by induction hypothesis)

SO0gy 46T Ogpygt Ogyyg ¥ Ogyygt O
[by (1)]

=057 T Ogpygt Ogyys ™ Ogyyyt O

[by (1)]

i.e., Ogy, gt By = Poyrg + O3

Hence the result is true for all integer n > 0.
(e) If n = 0 the result is true because :

09+ Py =Pyt oy

then by (1) we get,

Ogy 49t By = Bsns 8t Bsnsr T Bsnws ¥ Bonus ¥ By

=047t Ogygt Ogyy5t Ogyyyg
+Bsns7t Bonset Bsnus+ By
[by (2)]
=gy, 7t Ogyipt Ogyis t Psnirt Boyao
t Bonis t Ogyi g +By
=gy, 7t Ogyipt Ogyis t Psnirt Boyao
t Bones t Ponuat Oy
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(by induction hypothesis)
SOgy 7t Og gt Oyt Ot Oy
[oy (1)]
SOgy gt Ogy 7t Oyt Oyt Oy
[oy (1)]
€., Ogyy gt By = Bopsg 0y
Hence the result is true for all integer n > 0.

RESULTS
Result I :

5k +3
(1) FOI‘k=0, a’5k+4: I§) Bi+B1+B2+ BS
5k +3
(@ Fork=1, 05, ,= ;

Bi+ Byt B, + Py + 0y
Result I :
@D ayegt Bria= Foogog+Bo) + Fpyp(og +By)
+F g (o By + By (og+ By
— o= By
Above result is true for n = 0.
@ aystBria= Foog (gt Bg) + Fyyp(og +By)
+F g (ot By + Ry (og+ By)
Above result is true forn =1, n = 2.

The Scheme (2). The properties of the sequences for
the next scheme is

0Ln+4=0Ln+3+ Bn+2+an+1+ Bn’ n=0

and
Brsa=Bnsat ot By T, N20 (2
The first ten terms of the sequence’s defined are :
Theorem.

For every integer n > 0,

(@) og, + By = PBgn + g

(b) agyv6t By = Benvs ™ %

(©) ognig t B1= Bonsrgt oy

We prove the above results by induction hypothesis.

Proof.
(@) If n = 0 the results is true because
A+ By = Bot oy
Assume the result is true for some integer n > 1
Now by (2)
Onig = Oag ¥ Braot 0y ¥ B n20
Bnva=PBasa ™ tyup ¥ Prygt o n20.
We can write,
Ognss + Bo = Ogyyg ¥ Ponsat Uyt Bonss ¥ Po
=gy i3F Bensot Ggni1t Bon t Penss
+ Oy i p ¥ Pon vy T gy + By
=03t Bonsot Ugnar t Ponsist Ugnao
+ Ben 1t Ben 0l
(by induction hypothesis)
=gy 3t Benso ¥ GUgniat Bon t Penss
+ Ogy i3+ Pen s 1 + U
= Ben+at Ognagt Bonso T Ggnigt Bgy + 0
= PBgnrs+ Ay [by (2)]
i.€., Oy o5 By = Benas T O
Hence the result is true for all integer n > 0.
(b) If n = 0 the result is true because
A+ By = Bot oy
Assume that the result is true for some integer n > 1.
Now by (2) we can write,

Ogrs6+ Bo= Oonss T Bonra™ Ggnsgt Ponszt %ni1t By
= Ogrsa t Ponsat Ogniot Bonsr + Ogy
tBeonsat Ognrgt Bonsot Agnig + By

=0grsat Ponsst Oonio T Bons1 T Bonia

t gy y3t Bonvo t Ognag + gy + By

S.No. a, Bn

0 a b

1 c d

2 e f

3 g h

4 g+f+c+b h+e+d+a

5 2g+2f+c+b+h+e+d h+e+d+a+g+f+c

6 2g+2f+c+b+2h+2e+2d+a 2h+2e+d+a+2g+2f+2c+b
7 4g+ 4f+3c+2b+4h + 3e +3d + 2a dh+4e+3d+2a+4g+3f+3c+2b
8 7g+ 7f+6c+4b+ 8h+ 7e + 6d + 4a 7h+ 7e +6d+4a+8g+ 7f+6¢c+4b
9 14g + 13f + 11c + 7b + 15h + 14e + 12d + 8a 14h + 13e + 11d + 7a + 15g + 14f + 12¢ + 8b
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= Ognyat Bonast %ot Boner ¥ Ponws

+

Ognsg + Banvo + Ugnv 1 + Ben + A
(by induction hypothesis)
= Ogyrat Pansst Agen t Boni1t Banss T %
= Bonsst GenratPonsat Ggniot Bonar + 0
= Benvs + %
I8, gy 45+ By = Penss + 9
Hence the result is true for all integer n > 0.
(c) If n = 0 the result is true because
o+ P =Prtoy
Assume that the result is true for some integer n > 1.
Now by equation (2) we get
Ognsg T Pr = Ogrs7t Bonsg* Agnis + Bonva + Gonssg
* Bens2 t U1t By
=0gns6t Bonss t Agnia t Penvs t Genso
*Benv1t Penset Uensst Pensat Agnas
[oy (2)]

=046t Bonas T Uonsat Ponss T oo

t Benszt Ognig T Oy + By

t Bon+1 T Ponso T %nest Bonrat Ognas

tBerszt Ogner T Pon t 4y

(by induction hypothesis)

=0Ogri6t Ponsst Ognsat Ponwz T Ggnao
t Bons1 t Ponur Oy (by (2.2))

=PBon+7 T Uonsot Ponss T Censa ™ Ponss
t gyt Benar T Y

=PBen+s T Y

i.e, Oy gt By = Ponrg T Oy

Hence the result is true for all integer n > 0.
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